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Some math about Particle Swarm Optimization

Maurice.Clerc@WriteMe.com
For more information about the model itself see Jim Kennedy.

Analytical study

Iterative Representation versus Explicit Representation
In Particle Swarm Optimization, the usual iterative formisthe following one:

IVia =2+l Y, Equ. 1
T Yin =-gvt+(d- hJ )yt
i TR”
"tT N{y,.v} T R?
where y, = p- X, (seeaso the Generalization section).
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The matrix of the systemis M = ?a : _ U
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By solving aclassical second order differential equation, we find the explicit (analytic)
representation (ER):
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(see below for c, and ¢?)
Thereis aso an interesting algebraic representation wich take into account the fact that e, and e,
el | o

€1 1-jH

are the eigenvalues of . We don't study it in this paper.

It isworth to note immediately an important difference between IR and ER: in the previousonetis
always an integer and v(t) and y(t) are real numbers. In the second one we obtain real numbers if
(and only if) tisan integer, but nothing prevent usto give any real positive valueto t, and then w(t)



and y(t) are "true" complex numbers. This fact will give us an elegant way to "explain” the system,
by the use of a 5-dimensional space (see the "Particle swarm in Complexland " section).

From IR to ER
By computing the eigenvalues of the matrix M, we find

? %=C1%=-233+d- hj +\/(h1 ) - 4bg +(a - d) +2hj (a-d)g Equ. 3
|

{6, = ce :_;gam- hj - J(ni )’ - 4bg +(a - d)’+2hj (a - )8

and then
I a+d-hj +y/(hj )’ +3 (ah- dh- 2bg) +(a - d)’ Equ. 4
to 2-] i -4
e _a+d-hj -\/(hj )’+2 (ah-dh- 2bg)+(a - d)’
f 2-j-\i%- 4

This coefficients are always defined (but not necessarily real), for the denominator cannot be equal
to zero.

Note 1

If wewant c, and c,arereal numbersfor agivenj value, we must have some relations between
thefivered coefficients{a, b,g,d,h} . If wewritetheimaginary partsof ¢, and c, areequal to
zero, we obtain

-:-\/E(l- sign(E))C - Z% +d - hj +:_2L‘/|_E|(1+sign(E))g\/I_3(1- A) =0 Equ.5

':;\/E(L sign(E))C ¢- 2% +d - hj - %\/E(H sign(E))g\/_B(l- A)=0

with
A:signG 2 - 4j)
B=fj*- 4|

C=2-] +i2L 74|+ signf 2 - 4)
C¢=2-j % |j2-4j|(1+signG 2-41'))
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E=(hj )’ +2j (ah- dh - 2bg)+(a - d)*



By combining them the two equalities of Equ. 5. Solutions are usually not completely independent
of j . To satisfy this equations,a set of possible conditionsis

1E>0
iA=-1(Uj <4)
fa+d-hj =0

But this conditions are not necessary. For example, an interesting particular case (studied below)
isa=b=g=d=h=c1R. Wehavethenc, = c. =cforanyj (Equ.5isaways satisfied)

FromERtoIR

From
we obtain

) e
oot 7@ ) eufe-i - 7 a)
\'2(a+d hj )=(c,+c,)2-7)+(c,- c,\i -4 Equ. 6

AZ\/hj ) +2j (ah- dh- 2bg) +(a - d)’ =(c, +c,\fi >- 4 +(cy- c,)(2-j )

There are an infinity of solutionsin{a, b,g,d,h} . We can add some others conditions. Let us
study some particular classes of solutions.

2(a +d- hj)

2J(hi )’ +3 (ah- dh - 2bg)+(a - d)’

Particular classes of solution

Class 1 mode

ia =d
ibg iy Equ. 7
] =

In this particular case, From the Equ. 4 we obtain
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A easy way to be sure to obtain real coefficientsisthentohave ¢, = ¢, =c¢ T R.Under this
additional condition, a class of solution issimply given by



|a:b:g:d:h:c| Equ8

Class 1' model
‘:,a =b Equ. 9
ig=d=h=1
From Equ. 4 we obtain
a :(C1+C2)(2'j )+(Cl' Cz) J ®- 4j +j -1
2
If we add again the condition ¢, = ¢, =c T R, wefind
a=c(2-j)+ -1 Equ. 10
| we don't add this condition, we have nevertheless from the Equ. 4
lo_at+l-j+i*+3(@-3+(@-1)°
i, =2t Vi‘+t2@-3+@-1°
{ 2-] +\i ?- 4
Class 1"’ model
a=b=g=h Equ. 11
a_2d+(cl+c2)(j -2)-(co- e\ *- 4 Equ. 12
) 2(j - 1)
For « historical » reason and for theits simplicity, the case d =1 has been well studied.
Class 2 model
ja=b=x Equ. 13
Th=2g
We have then

12(ad- 2 )=(ci+eo)(2-] )+ (ci- co Wi T4

1224 - dl=(c, + NI T & +(c, - c,)(2-])



which give usgand d.

Again, an easy way to obtain real coefficientsfor every j valueistohave ¢, = c, =c. Thenwe
have
iad-2g =c(2-j)

I . N .
iled -dl=c\i ?- 4

Inthecase 2g 3 d we obtain

i 2-7 +fi 2- 4 Equ. 14
d=c > =ce

2- ] +3,/j 2. 4
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It isinteresting to note (it will be useful to study the convergence) that we have
for the Class 1 model, with the condition c, =c, =c¢

e = cle| Equ. 15
o
Tl%lzclezl
for the Class 1' model, with the condition ¢, =c, =c andforj £ 2
i . 2(0 g 4i 2 P - Equ. 1
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3 WLis 3 ) - . Equ. 17
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withD=\Jj * - 4j

Aswe will see below in the Convergence and Space of States sections, it means that for this cases,
we will just have to choose

1
c<—,C andj £2,a< C <|€ yuss
e |2| |2| o

respectively, to have a convergent system.



Particle in Complexland

Back to reality

Removing the discontinuity
The system has usually hasadiscontinuity inj dueto fact that there is the term
J(hj )’ - 4bg +(a - d)*+2hj (a - d) intheeigenvalues.

So, if we want to have a completely continuous system, we just have to choose {a, b,g.,d, h} SO
that
i{a,b,g,d,h}T R®
[
i"j TR*(hj)* - 4bg +(a-d)*+2hj(@a-d)30
By computing the discriminant we find the last condition is equivalent to
bg(- bg +h(a - d))>0

In order to be "physically plausible”, we are looking for positive parameters {a, b,g,d,h} . So the
conditionbecomes

bg <h(a - d) Equ. 18
This conditions specify a"volume" in R” for the admissible values of the parameters..

Removing theimaginary
By using the above condition the trgjectory is usually still partly in acomplex space, as soon as one
of the eigenvalue is negative (due to the fact that (- 1)t isacomplex if tisnot an integer). Sowe

may want to find some stronger conditionsin order to have always positive eigenval ues.
By noting that we have

i>0_je +e >0
| U j
1¢,>0  7ee,>0

wefind easily
}a(d-hj)’f@bj >0 Equ. 19
fa+d-hj >0
Note 2
From an algebraic point of view, these conditions can be written as
j det(M) >0

%trace(M) >0




But now this conditions are depending on j . Nevertheless, if we know the maximunj value, we
can rewrite them

ad_; -~ Equ. 20
ah- g
a

Under this conditions, the system is completely real.

i ad :
. > mex
iah- g _
An under the conditions Equ. 19bg <h(a - d)| and|i A td Equ. 20, the system is
i i
! h ) max
continuousand real.
Example
If wesuppose a =b =1and d = h, the conditions become
i 1
Ld<
I J max
|
d
i (Ijmax ) <g <d(1- d)
I max
For example

|

|

'J e =10

|

Iyo:O’Vo:

fa=b=1

: 1%(] max_l) 0
ig==¢ +d(1- d)* = 0.08915
' 2€ | ma o
fd=h :10'99 =0.099

| max

The system converges quit quickly (about 25 time steps) and at each time step the values of y and
v are aimost the same, for alargerange of | values. The Figure 1 showstheresult forj =4.



Figurel.) =4
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Reality and convergence

The quick convergence of the above example suggests an interesting question. Does "reality”
implies convergence ? Or, in other terms, we are wondering if we have

i ad S
'[_ah- @ ) max ; i,|e1|<1
I .
i a+d >j - T|%|<1
[}
Unfortunately the answer is negative.
Example
1 me =10
:I: Yo=0% =1
fa=b=11
I g = 0.0891495

fd =h =0.099



We have indeed
i ad

llah- gb
a+d

=10.05> .,

=1211>j

~

|
but forj = 0.1(for instance) we obtain |e1| = 1.09and the system diverges (see Figure 2).

Figure 2. " Reality" doesn't imply conver gence.
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Convergence and Space of States
From the Equ. 15 and the Equ. 3 we find the criterion of convergence:

el <1 Equ. 21
i
ple] <1

In the explicit general form of the system, v, and y, are usually "true" complex numbers. So, the
whole system should be represented in a 5-dimension space (Re(y),Im(y),Re(v),Im(v),j ).

Here we study more completelysome examples of an important class of constricted cases : the
onez with just one constriction coefficient

Constriction for model Type 1

We use the implicit representation of the model class 1

I Vig =C(V +jYy)

’:\yt+1 =- C(Vt + (1' J )yt)




From the Equ. 15 we know that the convergence criterion is satisfied if we have

. ®1 10 - .
c <ming—,—<. As|e| £ |e,| wecantake asconstriction coefficient
e

le] le|e

¢ =X kilodl Equ. 22
e

Figure 3. Constriction coefficient for model Type 1
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Constriction for model Type 1'
We use the following implicit representation (with ¢ instead of a)
‘%V(t +1)= c(vt) +j y(t)

Ty(t+1)=-v(t) +(1-] )y()

We can take again

c k1101, forj T]0,2 Equ. 23

S
les|

but we have seen thisformulaisapriori valid only for j <2, so it isinteresting to find directly
another constriction coefficient. We have here

Coct+1-j le-D7+j -2 - 2c]
Q=T 2

The expression under the square root is negative for ¢ 1 ]1+j - ZJj_,1+j + ZJJ_[ In this case,
the eigenvalue isa"true" complex number, and we havesimply|e2'| = \/E So, if 1+j - 2\/j_ <1,



that is to say if j <4, we just have to choose ¢ 1 ]1+j - 2\/j_,1[to satisfy the convergence
criterion. So, for example, we can define

2+j - 2\ -
C=JT‘/J_,forj 1 ]0.4 Equ. 24

Now, can we find another formulafor greater j values ? The answer is"No". For in this case, e'2
isareal number, on its absolute valueis

strictly decreasingon a 1 ]O,1+j - 2\/j_],and the minimal valueis \fj - 1 (greater than 1),
strictly decreasingon a 1 [1+j + 2\/j_,¥[, anditslimitis 1.

For simplicity, we may want to have the same formula than for the Type 1, not only for j <2, but
alsoforj <4. Thisisindeed aso possible, but then k can not be too small, depending of j . More
precisely, wemust havek >(1+j - 2f Jle,|. But asforj <4, we havele,| =1, it just means that
the curvesin the Figure 4can then by interpreted as the mean (resp. Minimal) acceptable k value
for sure convergence. For example, for j =3, we must have k>0.536. In particular, we can note
thereisno restrictiononk 1 0,1 if j =1.

Figure 4. Constriction coefficient for convergence Type 1'.
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Constriction type 1"’
Referring to the Class 1'” model, in the particular case d =1, we use the following implicit
representation (with ¢ instead of a)



IV(t+ D)= c(v() +] y(D)
TVt +1) = - cv() + (1- cj )y(t)

Infact, this systemisjust atransformation of the almost « classical » one

jv(t+1)=c(ut) +j (p- x(1)))

% X(t+1) =v(t+1)+ x(t)
so it may be interesting to detail here how, in practice, the constriction coefficient isfound and
proved.

Step 1. Matrix of the system

We have immediatel M—éC ¢l v
YVMT8c 1 ¢ F
Step 2. Eigenvalues

They are the two solutions of the equation
Z? - trace(M)Z + determinant(M) = 0

that isto say of
Z?-(c+1-cj)Z+c=0
Wefind here
i . _c+1l-c¢j +J/D
i
.. _c+1l-c¢cj -JD
le,
I 2
with
D =trace(M)> - 4determinant(M)
& o}
=c’g *- 4 +2 ﬁ-—wﬁ- 1(-3 +
e cg e cCo g

Step 3. Complex and real areason |

é
Thediscriminant Dis negative for the| valuesH1+ 1. % 1+ 1 + 2 . Inthisareathe

c” c Jcg

eigenval ues are true complex numbers and their absolute value (i;e. module) issimply /c .

Step 4. Extension of the complexe area and constriction coefficient

In the complex area, according to the convergence criterion, we just have to choose ¢ <1. So the
ideaisto find a constriction coefficient depending on | so that the eigenvalues are true complex
numbersfor alargefield of | values, for in this case the common absolute value of the
eigenvaluesis smply



; Equ. 25
:\/ 2k_ ___ forj ° 4 q

iVi -2+ °- 4

{ UK either

which issmaller than 1 for all | valuesas soon ask isitself smaller than 1.

This isgenerally the most difficult step and needs sometimes some intuition. But here, we may
remark three points:

the determinant of the matrix isequal to ¢,
thisisthe same asin Constriction Type 1,
we know from the algebraic point of view the system is (eventually) convergent « like » M’

So it isvery probable that the same constriction coefficient as for Type 1 should work. We try then

C :i,k 170 Equ. 26
le,|
i 2k
f forj 3 4
thatistosay ij - 2+,fj * - 4
fk either

Itiseasy to seethat Dis negative only betweentwo) valuesj .., andj . depending onk .
The general algebraic formof j __ is quite complicated (polynom in k ® with some coefficients
being roots of an equationink *) so it is much easier to compute it indirectly for someK values.
If we suppose | ., sSmaller than 4, we have ¢ =k and by solving D = 0 we find simply

. k?+k - 2k ¥
) min = — Kz
The Figure 5 shows how the discriminant is depending on | , for two K values. It is negative
betweenthe] valuesgiven below:

K |jmin |Jmax

, whichisthen valid assoon ask 3 é .

0.4 0.3377 8.07
0.99 0.000025 39799.76



Figure5. Discriminant D versusj .
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So, in practice, the constriction coefficient worksfor ailmost ) values as soon askK isnear of 1. If
K isexactly equal to1l,wehavej .., =0 andj ., =¥ . Theoretically the convergenceisnot

completely sure, for we have then || =|e,| = 1but it appearsin the simulations we still have
convergence, due to the fact we are using several particles and random| values.

M oder ate constriction
We use the following explicit representation:

1v(t) =c€ +c,(ce, )

w(t) - (clel(el 1)+c,(ce,) (ce, - 1)

lkl]O]{

|e

c, =1
thatlstoaiy}c — e . From the Equ. 6 we obtain

l2(a+d hj)=(@+c)2-j)+(1- c)fi -4
AZ\/hj ) +2j (ah- dh- 2bg) +(@ - d)’ =(1+c)i 2- 4 +(1- c)(2-])

There are an infinity of possibilities for the parametersa..h, that isto say there are an infinity of
different implicit representations which give this same explicit one. For example:




i . o ; T
- a :J *2c CJ + ) 41

| 2 2 (1- )
[ 1 - . . .
ib=-a—(1 ~3c -] PHej T+ T4 (L+ci - c-))
,
.I.g:d =h =1
7
or
i
:':a:b:1
P j@s+c)-i7-4 - c)
ig= :
, Z
Id:h :j +C(j -2)-. j2-4j (1- C)
t 2(i -1

From amathematical point of view, thiscase is"richer" than the previous ones, for we have no
more explosion, but not always convergence either. That iswhy we will study it more in detail.
We could call thiskind of system "stabilized", for, aswe will see, the representative point in the
state space tends to move along an "attractor” which is not always reduced to asingle point, asin
classica convergence.

The Figure 6 and its sections show what it isusually studied, that isto say just the "rea”
restrictions (Re(y),Re(v),j ). We can clearly see the three cases:

- "spira" easy convergence towards anon trivia attractor forj <4 (Figure 7),
- difficult convergencefor j =4 (Figure 8),
- quick almost linear convergence for j >4 (Figure 9).



Figure 6. Surface (Re(y), Re(v), ), t=0..50, ] =0..20, y(0)=0, v(0)=1, k=0.8
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Figure 7. Sectionj =2.5

Figure8. Section j =4



Figure 9. Section j =6




Attractors and convergence

Nevertheless, it isinteresting to have alook at what is the "true”" system. The following figures
show some others sections of the whole surfacein R°.

Figure 10. (Re(v),Im(v)), j =2.5.

Attractor: circle center (0,0) radius=0.819

Figure 11. (Re(v),Im(Vv)), j =4.

Attractor: circle center (0,0) radius=9



Figure 12. (Re(v),Im(v)), j =6.

Im(v)
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Attractor: circle center (0,0) radius=0

Figure 13. Global attractor forvand | £ 4. Axis(Re(v), Im(v), ), k=0.8

Note 3

There isadiscontinuity, for the radiusis equal to zero for j >4.




Figure 14. Global attractor foryand | £ 4.Axis(Re(y), Im(y), | ), k=0.8

S0, what it seems to be an "oscillation” in the real world isin fact a continuous spiralic movein a
complex space. More important, the attractor is very easy to define: it isthe "circle" c €, (center

(0,0) and radius r). Sowhen j <4, r =|c,e| andwhen j isgreater than4 r = 0(lim,,|ce |

with |e| <1) for the constriction coefficient ¢ has been precisely chosen so that the part c,(ce, )’

of v(t) tends to zero. This gives us agood and simple intuitive way to transform this stabilization
into atrue convergence. We just have to use a second coefficient to reduce the attractor, in the case

j £4,s0thate ® c&,cCE @,ka:i lo.q

lel

Note 4

Aswe are studying here the "one constriction coefficient models', we have to choose ¢ ¢=c , and
finally we retrieve the type 1 constriction. But now, we understand better why it works.

Generalization

We study here the more general system defined by
pvt+D=v(®)+] ,(p - x(t)+] 2(p2- x(1))
Px(+1) = vt +2) + x(0)

We just have to define

I =11t

J P+ ,p,

p=——""—
J1%),
y(t) = p- x(t)

to obtain exactly the same system as the one studied above.



For instance, if we haveacyclefor j =j ., sowe have aninfinity of cyclesfor the values
{i 1.} sothatj, +j , =] ..

If we compute the constriction coefficient, we obtain

k k 2k
cC=—= =
el | i G- R-i- G-
2 2
X
=— f () p)>4
PN TS PP R
=k else
k1109

Coming back to the (v,X) system, we have then
IV(t+ D)= V(D) +] (- X))+ 2(p2- x(1)

ix(t+1): cv(t+1)+ cx(t)+(l- C)M
T J1%),

The use of the constriction coefficient could be seen as arecommendation to the particle "Make

more little steps’ _ .

J 1Pt LB,
1%

of the particle, so it hasindeed to be equal to zero in a convergence point.

The convergence istowards the point (v =0,x = ) . Remember visin fact the velocity

Example
}VO =1,x,=45
ip,=3p,=4

“ max,1 = Ol’J max,2 = 5

j ;and]j , areuniform random variables between O andj .., andj ., respectively.
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