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24th De
ember 20081 Some distributions11.1 Uniform random distribution: easy but badLet E be a real real sear
h spa
e with D dimensions. We want to de�ne N points in this sear
hspa
e as initial positions of a population based optimisation algorithm. We are supposed toknow nothing about the �tness fun
tion, so we want an initialisation as �regular� as possibleThe most usual way is the following:- on ea
h dimension, the 
orresponding 
oordinate of a given point is 
hosen randomly,a

ording to an uniform distributionWhat is wrong with that method?First, it is easy only on a D-parallelepiped, say a D-
ube, for simpli
ity. In that 
ase, we have
E = [a, b]D, and for ea
h point xi = (xi,1, · · · , xi,d, · · · , xi,D), we have xi,d = (b − a)U (0, 1).This is for example the method used in Standard PSO 2007 [8℄. But it does not work for amore 
ompli
ated sear
h spa
e (whi
h is a quite 
ommon phenomenon when more 
onstraintsthan just intervals of values are taken into a

ount), parti
ularly when D is high. For example,when E is a D-sphere, it is tempting to apply this method to the tangent hyper
ube and tokeep only the points that are really inside the sphere. In pra
tise it is not possible as soon asthe dimension is high (say 6), for the rate volume(D− sphere)/volume(D− cube) rapidly tendsto zero when D in
reases. A 
ompletely di�erent method is ne
essary [2℄. However, in thispaper, I do not examine this point again, and indeed 
onsider that the sear
h spa
e is a D-
ube.Nevertheless, the main reason for whi
h this method is not very good is that the resulting setof points does not �
over� well the sear
h spa
e, as we 
an see on �gure 1. A
tually, it is alsosometimes pointed out that when D is high, almost all points are near to the boundaries, andthat this is another drawba
k of this method. But this se
ond reason is not really valid.Let us 
onsider two hyper
ubes C0 := [0, 1]D, and Cε := [ε, 1 − ε]D, and let us 
all ε-shellthe set C0 − Cε. A point of C0, x = (x1, . . . , xD), is in the ε-shell if, and only if it not belongsto Cε. If x has been generated a

ording to the uniform distribution U(0, 1) independently onea
h dimension, the probability of this event is p(x ∈ ε − shell) = 1 − (1 − 2ε)D, i.e. simply
1−volume(Cε)/volume(C0). From an intuitive point of view, this is perfe
tly a

eptable. Whatis not intuitive is the fa
t that, as we 
an see on the �gure 2, this probability in
reases qui
klywith D. For example, for ε = 0.01, and D = 100, 87% of the generated positions are in the
ε-shell.1The C 
ode of the des
ribed distributions, and of the test fun
tions, is in
luded in Balan
ed PSO, availableon my site http://
ler
.mauri
e.free.fr/pso/ 1



Figure 1: Random initialisation, a

ording to an uniform distribution

(a) An example of "shell" (b) Membership ratesFigure 2: a) ε-shell for ε = 0.1, and D = 2; b) For three values of ε, probability that a point isin the ε-shell, when generated by using U(0, 1) on ea
h dimensionIn other words, for a 
onstant ε, Cε be
omes small 
ompared to C0 when D in
reases. Noteit does not mean that the diagonal of Cε be
omes also small, 
ompared to the one of C0, for wehave diagonal(Cε)/diagonal(C0) = 1 − 2ε, whi
h is not depending on D. That is why it is sodi�
ult to �see� what happens, and to think there is a bias, as in fa
t there is none.Note that, though, when the algorithm is Parti
le SwarmOptimisation , it has been proved[7℄thatwhen D is high (typi
ally 100), almost all parti
les tend to leave the sear
h spa
e after the �rstmove. This is however spe
i�
 to 
lassi
al PSO, in whi
h ea
h parti
le has a velo
ity, and,moreover, e�
ient 
on�nement me
hanism 
an be applied (see Standard PSO on [8℄, and [3℄).1.2 HammersleyThis method is for example des
ribed in detail in [9℄. I present it here just shortly. Let P =
(p1, · · · , pD−1) be a list of di�erent prime numbers. For any element p of this list, any positiveinteger i 
an be expanded by i =

∑r
k=0

akpk. We de�ne then Φp (i) =
∑r

k=0

ak

pk+1 . Finally, the2



Figure 3: Hammersley distribution
ith point is de�ned by

xi =

(

i

N
, Φp1

(i) , · · ·ΦpD−1
(i)

)As we 
an see, in this pure Hammersley method, the �rst dimension is parti
ular. So, whenthe initialisation is for a sto
hasti
 algorithm, is it is better to de�ne at random before ea
h runwhi
h dimension is �the �rst�. Figure 3 shows an example whi
h is already far better than theuniform random one.1.3 Tessellations - Potential methodThere are a lot of pure deterministi
 tessellation methods (Diri
hlet, Thiessen, Voronoï, Delau-nay, et
.). However, as soon as the dimension is greater than 3, they are very 
ompli
ated to
ode, so I do not examine them here. Fortunately, there are some methods that make use of a�potential� that are almost equivalent. The underlying idea is that the frontiers of the sear
hspa
e de�ne a box, and that the points are parti
les moving inside the box. All elements, thebox and the parti
les are �positively 
harged�, so there is repulsion between them (note thatthese parti
les have nothing to do with the ones of PSO). The equilibrium position is the one weare looking for. The exa
t potential is quite 
ompli
ated as soon as the dimension is high, so,in pra
tise, we 
an approximate the equilibrium position by minimising a simpli�ed potentialfun
tion, by any method. For example, in the parameter-free optimiser TRIBES [5℄, it is doneby a standard PSO. There are usually several solutions. By starting from random positions forthe points we 
an �nd di�erent solutions. On the �gure 4 we 
an see a result for N = 12 points,and E = [a, b]
D

= [0, 1]
2 ,when minimising the potential

V (E, N) =
2D

N − 1

N−1
∑

i=1

N
∑

j=i+1

1

δi,j
+

N − 1

4D

N
∑

i=1

D
∑

d=1

(

1

|xi,d − (a + b) /2|
−

2

b − a

)where δi,j is the Eu
lidean distan
e between the point xi and the point xj . The se
ond partof the potential is a de
reasing attra
tive for
e towards the 
entre of the hyper
ube, far easierto 
ompute than a repulsive for
e from the boundaries.3



Figure 4: Distribution by minimisation of a potential1.4 Biased random distributionWhat about using a non uniform distribution? At the �rst glan
e, it seems a bit strange. We arelooking for the point where a given fun
tion/lands
ape is minimum. But, after all, at the verybeginning, if we know absolutely nothing about this lands
ape there is apparently no reason toset a more dense repartition of initial points here or there. But most of the time we do knowsomething. In the worst 
ase, it is almost sure that the fun
tion belongs to the Nearer is Better
lass [4℄. It then means that the solution point is more probably �not far� from the 
entre of thesear
h spa
e. Also, as already noted, in a algorithm like PSO and for high dimension, at thevery beginning almost all parti
les tend to leave the sear
h spa
e. So, for these two reasons, itmay be interesting to use a repartition that is more dense around the 
entre of the sear
h spa
e.Note this is already the 
ase with the potential method de�ned above. Here I use the followingdistribution:
{

δ = U (0, 1) − 0.5

xi,d = a+b
2

+ (b − a) sign (δ) |δ|1+1/N2 Appli
ation to PSOFor Standard PSO with N parti
les, we not only need to initialise N positions x, but also Nvelo
ities v. So, we have to 
ompare di�erent methods for this initialisation. I 
onsider here thefour following ones, for the parti
le whose initial position is xi:Two-rand: vi,d = (xmax,d − xmin,d) (U (0, 1) − U (0, 1)) .Two-rand-Half-di�: vi,d = 0.5 (xmax,d − xmin,d) (U (0, 1) − U (0, 1)) . This is the methodused in Standard PSO 2007One-rand: vi,d = (xmax,d − xmin,d)U (0, 1) − xi,dTwo-parti
les-rand: vi,d = xj,d −xi,d, where j is 
hosen at random (uniformly) in {1, . . . , N}Zero: vi,d = 0It means we have �nally to 
ompare 4×5 initialisation methods. After a lot of tests, I foundthat, apparently, the best 
ombination is (Hammersley, One-rand). In the table 1a 
omparisonwith Standard PSO, whi
h uses the (Random, Two-rand-Half-di�) pair. The three �rst fun
tionsare 
oming from the CEC 2005 ben
hamrk[1℄ (in parti
ular, they are �shifted�). The Tripod4



Table 1: A short 
omparison between 
lassi
al initialisations and a di�erent pair. Mean of thebest �nal value over 100 runsSear
h spa
e Number (Random, (Hammersley, Relativeof evaluations Two-rand-Half-di�) One-rand) improvementParabola/Sphere [−100, 100]
30 10000 0.0026 0.0022 14 %Rosenbro
k [−100, 100]10 5000 68.7 12.9 81 %Rastrigin [−5, 5]

10 10000 7.36 6.5 12 %Tripod [−100, 100]2 10000 0.50 0.44 13 %Table 2: Results with some other initialisations(Random, (Random, (Random, (Potential, (Biased, (Biased,One-rand) Zero) Two-rand) One-rand) Two-rand) One-rand)Parabola/Sphere 0.0048 0.0052 0.0042 0.0030 21.7 0.0027Rosenbro
k 57.8 56.2 57.7 45.0 65.4 39.5Rastrigin 6.8 7.9 7.3 7.5 7.3 6.71Tripod 0.63 0.61 0.52 0.54 0.59 0.53fun
tion is de�ned in [6℄. Although quite simple, it is very de
eptive for most of algorithms.The relative improvement is given by the formula 100 value1−value2

value1
. In the table 2, we 
an seesome other results. It is interesting to note that no initialisation of the positions is the best oneby itself (i.e. no matter what the initialisation of velo
ities is), and vi
e-versa. Only some pairs,like (Hammersley, One-rand) seem to be better than all the others.3 Con
lusionFor a population based algorithm like PSO, it is possible to signi�
antly modify the results justby using di�erent kind of initialisations. Therefore, when 
omparing two PSO variants thatmake use of the same �xed number of parti
les, it is ne
essary to use the same initialisationmethod for the positions, and for the velo
ities, if they exist. If we do not do that, it is impossibleto know whether a 
laimed improvement is really due to the modi�
ation of the strategy usedby the parti
les, or just due to a di�erent kind of initialisation.Referen
es[1℄ CEC. Congress on evolutionary 
omputation ben
h-marks,http://www3.ntu.edu.sg/home/epnsugan/, 2005.[2℄ Mauri
e Cler
. Math stu� about pso, http://
ler
.mauri
e.free.fr/pso/.[3℄ Mauri
e Cler
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hni
al report,2006. 5
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